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LECTURE  II.
Now Lie has instituted a comparison of the highest interest between the line-geometry of Pliicker and his own sphere-geometry. In each of these geometries there occur six homogeneous co-ordinates connected by a homogeneous equation of the second degree. The discriminant of each equation is different from zero. It follows that we can pass from either of these geometries to the other by linear substitutions. Thus, to transform
into
it is sufficient to assume, say,
It follows from the linear character of the substitutions that the polar equations are likewise transformed into each other. Thus we have the remarkable result that two spheres that touch correspond to two lines that intersect.
It is worthy of notice that the equations of transformation involve the imaginary unit i\ and the law of inertia of quadratic forms shows at once that this introduction of the imaginary cannot be avoided, but is essential.
To illustrate the value of this transformation of line-geometry into sphere-geometry, and vice versa, let us consider three linear equations,
the variables being either line co-ordinates or sphere co-ordinates. In the former case the three equations represent a set of lines ; i.e. one of the two sets of straight lines of a hyper-boloid of one sheet. It is well known that each line of either set intersects all the lines of the other. Transforming to sphere-group corresponds to the totality of collineations and reciprocations, i.e. to the projective group. The reason for this lies in the fact that the polar equation
